In moving-base gravity gradiometry, accelerometer mounting errors and mismatch cause a rotating accelerometer gravity gradiometer (RAGG) to be susceptible to its own motion. In this study, we comprehensively consider accelerometer mounting errors, circuit gain mismatch, accelerometer linear scale factors imbalances, accelerometer second-order error coefficients and construct three RAGG models, namely a numerical model, an analytical model, and a simplified analytical model. The analytical model and the simplified analytical model are used to interpret the error propagation mechanism and develop error compensation techniques. A multifrequency gravitational gradient simulation experiment and a dynamic simulation experiment are designed to verify the correctness of the three RAGG models; three turbulence simulation experiments are designed to evaluate the noise floor of the analytical models at different intensity of air turbulence. The mean of air turbulence is in the range of 70 ∼ 230 mg, the noise density of the analytical model is about 0.13 Eo/ √ Hz, and that of the simplified analytical model is in the range of 0.25 ∼ 1.24 Eo/ √ Hz. The noise density of the analytical models is far less than 7 Eo/ √ Hz, which suggests that using the error compensation techniques based on the analytical models, the turbulence threshold of survey flying may be widened from current 100 mg to 200 mg.
I. INTRODUCTION
Airborne gravity gradiometry is an advanced technology for surveying a gravity field; it acquires gravity field information with high efficiency and high spatial resolution. Compared with gravity information, the gravity gradient tensor provides more information on the field source such as orientation, depth, and shape 1, 2 . The world's first airborne gravity gradiometry was performed using the Falcon-AGG system in October 1999. Airborne gravity gradiometry has now been conducted for nearly 20 years, and the experience gained in airborne gravity gradiometry, and the analysis and interpretation of gravity gradient data have greatly promoted developments in geological science, resource exploration, high-precision navigation, and related fields [3] [4] [5] [6] [7] [8] [9] . The application value of gravity gradiometry has been recognized, and the associated technology and data interpretation have become of interest in scientific research, which has promoted development of gravity gradiometry. There are many different gravity gradiometers under development, for example: rotating accelerometer gravity gradiometers, superconducting gravity gradiometers, cold atomic interferometer gravity gradiometers, MEMS gravity gradiometers, and gravitec gravity gradiometers [10] [11] [12] [13] [14] [15] [16] . However, rotating accelerometer gravity gradiometers are the only type successfully used in airborne surveys; all other types are either in fight testing or in a laboratory setting 7 . Companies that operate commercial rotating accelerometer gravity gradiometer systems are: Bell Geospace (3D-FTG), ARKeX (FTGeX), GEDEX (HD-AGG), and FU-GRO (AGG-Falcon).
A rotating accelerometer gravity gradiometer (RAGG) was developed by Ernest Metzger of Bell-Aerospace in the 1980s. The minimum configuration of a RAGG consists of two pairs of high-quality, low-noise, matched accelerometers, a) ymb moon@126.com b) Corresponding author:caitij@seu.edu.cn which are equi-spaced on a rotating disc with their sensitive axes tangential to the disc. The spin axis of the disc is perpendicular to the plane of the disc, and passes through its center 17, 18 . The RAGG measures the gradients in the disc plane (RAGG input plane). The disc rotates at a constant speed, typically 0.25 Hz; this rotation results in the gravity gradient signal being modulated at 0.5 Hz, while the linear accelerations in the disc plane are modulated at 0.25 Hz. If the accelerometers are perfectly mounted and scale-factor balanced and the second-order error coefficients are small enough, the sum of the diametrically opposed accelerometer reject linear accelerations in the disc plane, and the difference of the sum of the two pairs accelerometer cancel out the angular acceleration about the spin axis and zero bias 19 . Since a small misalignment error of 10 −4 rad will make the RAGG sensitive to the linear accelerations, as the material ages, the influence of accelerometer mounting errors and imbalances in accelerometer scale factors cannot be ignored. Techniques such as automatic on-line continuous scale-factor imbalance, second-order error coefficient compensation, and mounting error compensation are required 20, 21 . Meanwhile, high rate post mission compensation further compensates the measurement error caused by the motion of the RAGG 22 . To ensure the gravity gradient information to be used in desirable applications, the noise level of 7 Eo/ √ Hz in the dynamic environment of survey flying is desirable. Good weather conditions should generally be chosen in airborne gravity gradiometry to limit turbulence experienced during flight. Dransfield reports the effect of turbulence on current gravity gradiometer: noise levels of an FTG GGI is about 13 ∼ 23 Eo/ √ Hz at 12 ∼ 40 mg, and that of a FALCON GGI is about 3 ∼ 4 Eo/ √ Hz at 28 ∼ 64 mg 23 . Currently, the turbulence threshold of airborne gravity gradiometry is about 70 ∼ 100 mg.
Jekeli 24 analyzed the requirements of gyro precision for moving base gravity gradiometer with different sensitivities. Ma 25 analyzed the error terms with a one-factor-at-a-time method, but did not consider the coupling error of each error term synthetically and did not obtain a RAGG output model
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for all sources of errors. Here, we synthetically consider circuit gain mismatch, installation errors, accelerometer scalefactor imbalance, and accelerometer second-order error coefficients, and deduce three RAGG models: a numerical model, a analytic model, and a simplified analytic model. From the analytical models, we can obtain error propagation coefficients for the motion of the RAGG, and determine the relationships among error propagation coefficients, installation errors, scale-factor imbalance, circuit gain mismatch, etc. The analytical models can interpret the error propagation mechanism of the RAGG and help to develop error compensation techniques. The RAGG numerical model is a virtual RAGG with a comprehensive set of precisely adjustable parameters; based on it, many key techniques of the RAGG, such as automatic online continuous error compensation, post error compensation, and self-gradient modeling, can be verified.
II. MODELS OF THE RAGG
A. RAGG Analytical Model
Accelerometer installation error and output model
To simplify description of the installation error, we first define the RAGG measurement frame. In Fig. 1 , the origin of the RAGG measurement frame (o m ) is at the center point of the disc, and its x-and y-axes point respectively to the initial positions A1 and A3 of the accelerometer; its z-axis coincides with the spin axis of the disc. The RAGG measurement frame is a space-fixed coordinate system, and does not rotate with the rotating disc.
The accelerometer mounting errors consist of mounting position errors and input-axis misalignments. For the sake of clarity, we take the accelerometer A 1 as an example for the mounting errors. In Fig.1 , A 1 , A 2 , A 3 and A 4 represent the nominal mounting positions, A 0 1 represents the actual mounting position of the accelerometer A 1 and the deviation from the nominal installation point. Another three reference coordinate systems are adopted: the accelerometer nominal frame of the nominal mounting position (xyz, axes marked in red), the accelerometer nominal frame of the actual mounting position (x 1 y 1 z 1 , axes marked in magenta), and the accelerometer measurement frame (a i a o a p , axes marked in orange). The accelerometer nominal frame of the nominal mounting position (xyz, axes marked in red) and the accelerometer nominal frame of the actual mounting position (x 1 y 1 z 1 , axes marked in magenta) are all the accelerometer nominal frame, these two reference coordinate systems are named after the location of the origin: the accelerometer nominal mounting position and the accelerometer actual mounting position. The origin of the accelerometer nominal frame is located at the accelerometer mounting position; its x-axis is tangential to the disc along the rotating direction, and its y-axis is from the disc center to the accelerometer position along the radial direction. Among the four frames, only the accelerometer measurement frame (a i a o a p ) and the accelerometer nominal frame of the actual accelerometer mounting position (x 1 y 1 z 1 ) are concentric frames. The accelerometer mounting position error is the position difference between the actual mounting position and the nominal mounting position. Misalignment error is the orien- tation deviation between the accelerometer input axis (a i ) and the tangential direction of the actual accelerometer mounting position (x 1 ). We can use three parameters to determine the accelerometer mounting position with respect to the nominal mounting position: radial distance, initial phase angle, and altitude angle. The radial distance is the distance from the disc center to the accelerometer mounting position. We use the notation R j to denote the radial distance of accelerometer A j . The radial distance R j of accelerometer A j can also be expressed as R j = R + dR j , where dR j is the radial distance error of accelerometer A j , R is accelerometer nominal mounting distance. The nominal mounting positions of the four accelerometers are in the same plane, and we define this as the reference plane. The central angle from the accelerometer nominal mounting position to the projection of the actual accelerometer mounting position on the reference plane is defined as the initial phase angle. The notation β jz denotes the initial phase angle of accelerometer A j . If the direction vector from the accelerometer nominal mounting position to the actual mounting position coincides with the rotating direction of the disc, then the initial phase angle β jz is positive; otherwise, the angle is negative. The angle between the radial distance line and the reference plane is defined as the altitude angle. The notation β jx represents the altitude angle of accelerometer A j . If the z-coordinate of the actual accelerometer mounting position in the RAGG measurement frame is positive, then its corresponding altitude angle is positive; otherwise, the angle is negative. The second type of mounting error is a misalignment error due to the orientation deviation between the accelerometer sensitive axis (a i ) and the tangential direction of the disc (x 1 ). If we rotate the accelerometer measurement frame about its y-axis by −ϑ jy and then about its z-axis by −ϑ jz , then the input axis (a i ) will coincide with the x-axis of the accelerometer nominal frame of the actual mounting position (tangential direction of the disc). So we use these two angles ϑ jy and ϑ jz as the misalignment error parameters. From the above, we can use the five parameters (R j , β jx , β jz , ϑ jy , and ϑ jz ) to determine the accelerometer mounting error of the RAGG.
The accelerometer output is the response of its applied specific force:
Where I j is the electrical current output of accelerometer A j ; f ji , f jo , f jp are the applied specific forces in the directions of the input, output, and pendulous axes, respectively; K j1 is the linear scale factor (in units of A/g); K j0 is the null bias (in units of g); and K j2 , K j4 , K j5 , K j6 , K j7 , K j8 are the second-order error coefficients (in units of g/g 2 ). We introduce another angle ϑ jx , using three small angles ϑ jx , ϑ jy , and ϑ jz , to describe the misalignment between the accelerometer measurement frame and the accelerometer nominal frame of the actual mounting position. The accelerometer measurement frame results from the rotation of the accelerometer nominal frame of the actual mounting position first about the x-axis by ϑ jx , second about the y-axis by ϑ jy , and then about the z-axis by ϑ jz . The transformation matrix from the accelerometer nominal frame of the actual mounting position to the accelerometer measurement frame is:
Let f jx , f jy , f jz denote the coordinates of the specific force of accelerometer A j in the accelerometer nominal frame of the actual mounting position. So, we have:
Substituting Eq.(3) into Eq.(1), we get:
The second-order error coefficients K j2 , K j4 , K j5 , K j6 , K j7 , K j8 are of the order of 10 −6 g/g 2 and the misalignment angles ϑ jz , ϑ jy , ϑ jz are of the order of 10 −4 rad; thus, K ji ϑ jx , i = 2, 4, 5, 6, 7, 8, K ji ϑ jy , and K ji ϑ jz are of the order of 10 −10 g/g 2 . That is, the specific force is of magnitude 0.1 g, terms such as K ji ϑ jy f jx f jy , K ji ϑ jx f jx f jz are of the order of 10 −12 g; therefore, as for a gravity gradiometer with resolution 1 Eo, these terms can be neglected. Eq.(4) becomes:
The Eq. (6) is a approximation of the Eq.(4). Because the Eq.(6) has the some form with Eq.(4), no matter which equation is used, the derived RAGG analytical model will have the same form. To simplify the description, we use the Eq.(6) as the accelerometer output model to derive the RAGG output model.
The accelerometer mounted on the moving base RAGG is a flexible force rebalancing accelerometer. There are two types of force rebalancing accelerometer: a voltage one and a current one. The voltage-type force rebalancing accelerometer uses electrostatic actuation, and its output is a voltage signal. The current-type force rebalancing accelerometer uses electromagnetic actuation, and its output is a current signal. Electrostatic actuation inherently creates less heat and generates less thermal drift than electromagnetic actuation, but electrostatic actuation has a very small displacement range. Electrostatic actuation accelerometers (voltage-type accelerometers) with small measurement ranges are mainly used in spaceborne gravity gradiometers. Electromagnetic actuation accelerometers (current-type accelerometers) are usually applied to airborne gravity gradiometers. As the output current of the RAGG accelerometer needs to be converted into a voltage signal for further processing, we combine the current to voltage gain into the accelerometer model:
To simplify derivation of the RAGG model, we can rewrite Eq. (7) as:
, θ jy , θ jz are given: Where V j is the voltage output of accelerometer A j ; f jx , f jy , f jz are the applied specific forces in the directions of the x-, y-, and z-axes, respectively, in the accelerometer nominal frame of the actual mounting position; k j1 is the linear scale factor (in units of V/g); k j0 is the null bias (in units of V); and k j2 , k j4 , k j5 , k j6 , k j7 , k j8 are the second-order error coefficients (in units of V/g 2 ). From Eq.(9), the current to voltage gain mismatch will directly result in the scale factor imbalance.
2. Specific force in the accelerometer nominal frame of the actual mounting position RAGG accelerometers are of the force re-balance type. The measurement is specific force, in other words, the difference between gravitational acceleration and inertial acceleration. Fig.2 illustrates the position vector of the RAGG in the process of moving base gravity gradiometry. We choose the geocentric inertial coordinate system as the inertial frame, and denote the specific force measured by accelerometer A j as f j :
where a ji and a g j represent the inertial acceleration and gravitational acceleration of accelerometer A j , respectively. The inertial acceleration is the second derivative of the position vector of accelerometer A j with respect to the inertial frame:
Where r o i A j denotes the position vector from the origin of the inertial frame to accelerometer A j ; r o i o m denotes the position vector from the origin of the inertial frame to the center of the disc; and r o m A j denotes the position from the origin of the RAGG measurement frame to accelerometer A j . The second derivative of r o m A j with respect to the inertial frame is given by:
where ω im represents the angular velocity of the RAGG with respect to the inertial frame;ω im represents the angular acceleration of the RAGG with respect to the inertial frame. When mass is far enough away from the RAGG, the gravitational acceleration of accelerometer A j is a linear approximation of the gravitational acceleration and gravitational gradient tensor at the center of the disc:
where Γ denotes the gravitational gradient tensor at the center of the rotating disc. Substituting Eqs. (13), (12) , and (11) into Eq.(10), we get
where f cmm is the specific force at the center of the disc, which is a common mode acceleration component for RAGG accelerometers. We can calculate the specific forces of accelerometer A j in the directions of the x-, y-, and z-axes in the accelerometer nominal frame of the actual mounting position, f jx , f jy , f jz , respectively, by:
where τ jx , τ jy , and τ jz are unit vectors of the accelerometer nominal frame of the actual mounting position in the directions of the x-, y-, and z-axes. Writing the specific force, the angular velocity, and the angular acceleration of the RAGG with respect to the inertial frame in coordinate form gives:
Writing the gravitational gradient tensor at the center of the disc in coordinate form gives:
Based on the configuration of the RAGG mentioned in section II A 1, we can easily get the coordinates of the vectors r o m A j , τ jx , τ jy , and τ jz . Substituting Eqs. (16) and (17) into Eq. (15), we can calculate the specific force of accelerometers A 1 ∼ A 4 :
The RAGG analytical model
We have calculated the specific forces of the four accelerometers:
and f 4z . Substituting these specific forces into Eq. (8), we can calculate the output of the four accelerometers. Let V 1 , V 2 , V 3 , and V 4 respectively represent the output voltages of the four accelerometers; the output of the RAGG before demodulation is then given by:
To simplify the description, the notations T 1 ∼ T 6 and S 1 ∼ S 5 are adopted in RAGG analytic model:
It's worth noting that T 1 ∼ T 6 and S 1 ∼ S 6 are consists of gravitational gradients (Γ xx , Γ xy , etc.), centrifugal gradients (ω 2 imx − ω 2 imy , ω imx ω imy , etc.) and angular accelerations (ω imax , ω imay , ω imaz ). As the magnitude of centrifugal gradients and angular accelerations are much larger than gravitational gradients, in the error analysis, we can treat T 1 ∼ T 6 and S 1 ∼ S 6 as angular motion of a RAGG. Expanding the Eq. (18) and collecting like terms, yields:
The Eq. (20) 
12,34
In Eqs. (21), (22) 
k4R is the imbalance term of k 4 R between two pairs accelerometers, that is D 1234 k4R = k 14 R 1 +k 24 R 2 −k 34 R 3 −k 44 R 4 . Similarly the notation ∑ subscript represents the sum of the four accelerometers of the terms denoted by subscript; for example, ∑ k 1 R is the sum of four accelerometers of k 1 R, that is,
If the accelerometers of the RAGG are perfectly mounted, the accelerometer linear scale factors are balanced, and the accelerometer seconderorder error coefficients are zero, the output of the RAGG is:
where G * out is the ideal output of the RAGG before demodulation. Let k ggi denote the scale factors of the RAGG, thus, k ggi = ∑ k 1 R . Since k ggi also is a error propagation coefficient of centrifugal gradient, the parameters of G out , ∑ * , D 12 * , D 34 * , etc., are error propagation coefficients. Actually, in moving base gravity gradiometry, some error propagation coefficients have little effect on the sensitivity of RAGG and could be neglected. So, next we will further simplify the RAGG analytical model.
B. Simplified RAGG Analytical Model

Simplifying the RAGG analytical model
In the RAGG analytical model, T 1 ∼ T 6 and S 1 ∼ S 6 refer to the angular motion of a RAGG, while a x , a y , and a z refer to the linear motion of a RAGG. The error propagation coefficients are permutations of factors such as the misalignment angle, the scale factors, and the second-order error coefficients. The error propagation coefficients transfer the linear motion and angular motion into the output of the RAGG, causing measurement errors. Assuming that the RAGG sensitivity is 1 Eo and the nominal distance from the RAGG accelerometer to the center of the disc is 0.1 m, the accelerometer mounting errors β jx , β jz , ϑ jy , and ϑ jz are of the order of 10 −4 rad, the accelerometer linear-scale-factor imbalance is of the order of 10 −4 , and the accelerometer second-order error coefficients are of the order of 10 −6 g/g 2 . Under these conditions, we will calculate the critical conditions for the linear and angular motions such that the error terms can be neglected. By comparing the critical conditions with those of the actual moving-base gravity gradiometry environment, we can determine whether the error terms should be ignored.
In the RAGG analytical model (Eq. (21)˜ (22)), classified by error sources, all error terms can be divided into six categories: coupling error terms concerning second-order error coefficients and angular motion, coupling error terms concerning second-order error coefficients and linear motion, coupling error terms concerning linear scale-factor imbalance and linear motion, coupling error terms concerning second-order error coefficients, linear motion and angular motion, coupling error terms concerning misalignment angle, linear scale factors, and angular motion, coupling error terms concerning misalignment angles, linear scale factors, and linear motion. We simplify the RAGG analytical model by categories. a) Coupling error terms concerning second-order error coefficients and angular motion. As mentioned in Section II A 1, the parameters k j p ( j = 1, 2, 3, 4; p = 2, 4, 5, 6, 7, 8) in the accelerometer model represent the second-order error coefficients k p of the accelerometer A j . T 1 ∼ T 6 and S 1 ∼ S 6 refer to the angular motion of a RAGG, so the basic coupling error terms concerning the second-order error coefficients and angular motion are of the form
2 and belong to the coupling error terms concerning the second-order error coefficients and angular motion. The RAGG measurement error M e1 due to k j p T n 1 T n 2 R j 2 can be expressed as
where k ggi is the RAGG scale factor. In the accelerometer model mentioned in Section II A 1, we have k jp = k j1 K jp , so we obtain
T n 1 and T n 2 are of the same order, and we use (T n ) critical to denote the critical value of T n 1 and T n 2 . To ensure an RAGG sensitivity of 1 Eo, it is reasonable to assume that the error contributed by k j p T n 1 T n 2 R j 2 is 0.1 Eo. Substituting K jp = 10 −6 g/g 2 , R j = 0.1 m, and M e1 = 0.1 Eo into Eq. (25), we calculate the critical value (T n ) critical as 2 × 10 8 Eo. Based on Eq. (19), T 1 ∼ T 6 are the sums of the gravitational gradients, centrifugal gradients, and angular accelerations. The maximum gravitational gradient is of the order of 10 3 Eo. Actually, in moving-base gravity gradiometry, T 1 ∼ T 6 are principally the centrifugal gradients and angular accelerations caused by the angular motion of the RAGG. Here, we will calculate the critical angular motion of the RAGG according to (T n ) critical . The unit transformations from 1 Eo to angular velocity squared (rad 2 /s 2 ) and angular acceleration (rad/s 2 ) are given:
1 Eo = 10 −9 rad 2 s 2 1 Eo = 10 −9 rad s 2 .
Clearly, T n 1 ≤ (T n ) critical is the condition for neglecting the error terms k jp T n 1 T n 2 R j 2 . That is,
Assuming that the angular velocity and acceleration components are of the same order, we have ω imx = ω imy = ω imz and ω imax = ω imay = ω imaz . Let ω critical andω critical represent the critical angular velocity component and the critical angular acceleration component, respectively. Then by Eq. (26), we can calculate the critical value of the angular motion roughly as
Those harmonic components of the angular motion whose fundamental frequency equal the rotation rate of the rotating disc have considerable impact on the RAGG sensitivity. The angular acceleration is the derivative of the angular velocity. Therefore, we can denote the harmonic components of the angular motion as
where ω k (t) andω k (t) are the kth-order harmonic components of angular velocity and angular acceleration, respectively, Ω is the angular frequency of the rotating disk, and A kΩ is the magnitude of the kth-order harmonic component of angular velocity. Let A kΩcritical represent the critical magnitude of the kth-order harmonic component of angular velocity. Obviously,
Substituting k = 1 and Ω = 1.57 rad/s (the frequency of the rotating disc is 0. 
above analysis, we list in Table I the conditions for neglecting k j p T n 1 T n 2 R 2 j . In gravity gradiometry, the RAGG is mounted on a stabilized platform that is isolated from high-frequency vibrations by pneumatic mounting pads. It is relatively easy to meet the conditions listed in Table I, meaning that the error terms concerning the secondorder error coefficients and angular motion (∑ k j R 2 T n 1 T n 2 , D * k j R 2 T n 1 T n 2 ) can be neglected. From the perspective of unit operation of physical quantity, the error terms concerning the second-order error coefficients and angular motion include T n1 T n2 , and T n1 T n2 will only be coupled to the accelerometer second-order error coefficients, so in Eqs. (21) and (22), any item containing T n1 T n2 can be neglected. b) Coupling error terms concerning second-order error coefficients and linear motion. We apply k j p a n 1 a n 2 (n 1 , n 2 = x, y, z; p = 2, 4, 5, 6, 7, 8) representing the basic coupling error terms concerning the second-order error coefficients and linear motion. In the analytical model G out , the terms D * k jp a n 1 a n 2 and ∑ k jp a n 1 a n 2 consist of k j p a n 1 a n 2 and belong to the coupling error terms concerning the second-order error coefficients and linear motion; correspondingly, the measurement errors contributed by k j p a n 1 a n 2 can be expressed as M e2 = k j p a n 1 a n 2 k ggi .
In the accelerometer, k j p = k j1 K j p , so Eq. (30) becomes M e2 ≈ 0.25K p a n 1 a n 2 R j .
Let a 1critical denotes the critical accelerations of k jp a n 1 a n 2 . Substituting M e2 = 0.1 Eo and K j p = 10 −6 g into Eq. (31), we get a 1critical = 2 × 10 −3 g. In moving-base gradiometry, the linear acceleration a n is of the order of 0.1 g. Therefore, the coupling error terms concerning second-order error coefficients and linear motion cannot be neglected. c) Coupling error terms concerning linear scale-factor imbalance and linear motion. We apply dk j1 a n (n = x, y, z) representing the basic coupling error terms concerning the linear-scale-factor imbalance and linear motion. In the analytical model G out , the terms ∑ k j1 a n and D * k j1 * a n consist of dk j1 a n and belong to the coupling error terms concerning the linear-scale-factor imbalance and linear motion. Correspondingly, the measurement errors contributed by dk j1 a n can be expressed as M e3 = dk j1 a n k ggi .
The degree of linear-scale-factor imbalance before online adjustment is of the order of 10 −4 , i.e., dk j1 /k j1 = 10 −4 . k ggi is the RAGG scale factor. so Eq. (32) becomes
−5 a n R j .
Let a 2critical denotes the critical accelerations of dk j1 a n , respectively. Substituting M e3 = 0.1 Eo into Eq. (33), we get a 2critical = 4×10 −8 g. In moving-base gradiometry, the linear acceleration a n is of the order of 0.1 g. Therefore, the coupling error terms concerning the linear-scale-factor imbalance and linear motion cannot be neglected. d) Coupling error terms concerning second-order error coefficients, linear motion and angular motion. We denote the basic coupling error terms concerning second-order error coefficients, linear motion, and angular motion as k jp T n 1 R j a n 2 . In the RAGG analytic model, D * k jp T n 1 R j a n 2 and ∑ k jp T n 1 R j a n 2 are the coupling error terms concerning the second-order error coefficients, linear motion, and angular motion. The measurement error contributed by k jp T n 1 R j a n 2 is M e4 = k jp T n 1 R j a n 2 k ggi ≈ 0.25K j p T n 1 a n 2 .
In gravity gradiometry, the acceleration a n 2 is of the order of 0.1 g. To ensure an RAGG sensitivity of 1 Eo and assuming M e4 = 0.1 Eo, K j p =10 −6 g/g 2 , and a n 2 = 0.1 g, based on Eq. (34), we obtain the critical value of T n 1 for neglecting k jp T n 1 R j a n 2 , namely (T n ) critical = 4 × 10 7 Eo. Similar to the previous analysis, the critical angular velocity and angular accelerations are calculated and are listed in Table II . In moving-base gradiometry, it is relatively easy 
to satisfy the conditions listed in Table II , so the coupling error terms concerning second-order error coefficients, linear motion and angular motion can be neglected. From the perspective of unit operation of physical quantity, the error terms concerning the second-order error coefficients, linear motion and angular motion include T ni a n j , and T ni a n j will only be coupled to the accelerometer second-order error coefficients, so in Eqs. (21) and (22), any item containing T ni a n j can be neglected. e) Coupling error terms concerning mounting misalignment angle, linear scale factors, and angular motion. The mounting misalignment angles are β jx , β jz , ϑ jy , and ϑ jz . The basic coupling error terms concerning the misalignment angle, linear scale factors, and angular motion are permutations of the misalignment angles (β jx , β jz , ϑ jy , ϑ jz ), the linear scale factors (k j1 ), and the angular motion (T 1 ∼ T 6 , S 1 ∼ S 6 , etc.). Because the magnitudes of the misalignment angles are of the order of 10 −4 , the more misalignment angles in an error term, the smaller its magnitude. Therefore, we analyze only those error terms with fewer than three misalignment angles. Coupling error terms with the same number of misalignment angles have the same order of magnitude. The basic coupling error terms with one misalignment angle are typically β jn k j1 S p R j , ϑ jm k j1 S p R j , β jn k j1 T p R j , and ϑ jm k j1 T p R j ; the basic coupling error terms with two misalignment angles are typically β jn ϑ jm k j1 T p R j and β jn 1 β jn 2 k j1 T p R j ; the basic coupling error term with three misalignment angles is typically β jn 1 β jn 2 ϑ m k j1 T p R j . In the RAGG analytical model, D *
the error terms concerning the linear scale factors, misalignment angles, and angular motion. Here, we take β jn k j1 T p R j , β jn 1 β jn 2 k j1 T p R j , and β jn 1 β jn 2 ϑ m k j1 T p R j as examples of analyzing the coupling error terms with one, two, and three misalignment angles, respectively. Let M e51 , M e52 , and M e53 represent the measurement errors contributed by the coupling error terms with one, two, and three misalignment angles, respectively:
where k ggi is the RAGG scale factor. Substituting
Let T 1critical , T 2critical , and T 3critical represent the critical values for neglecting coupling error terms with one, two, and three misalignment angles, respectively. Similarly, assuming that M e51 = M e52 = M e53 = 0.1 Eo and a misalignment angle of β jn = ϑ jm = 10 −4 rad, we calculate the critical values as T 1critical = 4 × 10 3 Eo, T 2critical = 4 × 10 7 Eo, and T 3critical = 4 × 10 11 Eo. Correspondingly, we have cal- 
culated the conditions for neglecting the coupling error terms and listed them in Table III . Clearly, coupling error terms with more than one misalignment angle can be neglected. f) Coupling error terms concerning linear scale factors, misalignment angles, and linear motion. The coupling error terms concerning linear scale factors, misalignment angles, and linear motion are permutations of the misalignment angles (β jx , β jz , ϑ jy , ϑ jz ), the linear scale factors (k j1 ), and the linear motion (a x , a y , a z ). Similarly, we only analyze those coupling error terms that have fewer than three misalignment angles. Because coupling error terms that have the same number of misalignment angles also have the same magnitude, we take β jn k j1 a z , β jn1 β jn2 k j1 a x , and β jn1 β jn2 ϑ jm k j1 a x as examples of analyzing coupling error terms with one, two, and three misalignment angles, respectively. Let M e61 , M e62 , and M e63 represent the measurement errors contributed by error terms with one, two, and three misalignment angles, respectively:
M e61 = β jn k j1 a z k ggi ≈ 0.25β jn a z R, M e62 = β jn 1 β jn 2 k j1 a z k ggi ≈ 0.25β jn 1 β jn 2 a z R, M e63 = β jn 1 β jn 2 ϑ jm k j1 a z k ggi ≈ 0.25β jn 1 β jn 2 ϑ jm a z R .
(37) Let a 1critical , a 2critical , and a 3critical represent the critical values for neglecting coupling error terms with one, two, and three misalignment angles, respectively. Similarly, assuming that M e61 = M e62 = M e63 = 0.1 Eo, R = 0.1 m, and a misalignment angle of β jn = ϑ jm = 10 −4 rad, the critical values are calculated as a 1critical = 4 × 10 −8 g, a 2critical = 4 × 10 −4 g, and a 3critical = 4 g, respectively. Because in gravity gradiometry the RAGG acceleration is usually in the order of 0.1 g, we can neglect coupling error terms with more than two misalignment angles.
The simplified RAGG analytical model
Based on the previous analysis and neglecting the small coupling error terms that have little effect on the RAGG sensitivity, we obtain the following simplified RAGG analytical model:
where A s 2Ω and A c 2Ω are the amplitudes of sin 2Ωt and cos 2Ωt, respectively, namely
In Eq. (38), A s Ω and A c Ω are the amplitudes of sin Ωt and cos Ωt, respectively, namely
In Eq. (38), A 0 is given by
In the simplified analytical model, the error propagation coefficients in sin 2Ωt and cos 2Ωt are of the form ∑ * ; ∑ k 5 −k 2 and ∑ k 6 directly make the DC component of the linear acceleration into the output of the RAGG. are caused by the mismatch of two pairs of accelerometer parameters. By these error propagation coefficients, the low-frequency components of the linear motion and angular motion are transferred into outputs of the RAGG. The angular motion and vibration are isolated by using a stabilized platform. In the process of moving-base gravity gradiometry, the linear acceleration has more impact on the RAGG than does the angular motion. From Eqs. (38) ∼ (41), we can apply the linear acceleration of a specific frequency to the RAGG, producing a detection signal for on-line continuous compensation of the error propagation coefficients. We can also calibrate the error propagation coefficients and record the line motion and angular motion of the RAGG in gravity gradiometry for off-line error compensation. However, because compensating for error propagation coefficients is not the focus of the present work, we do not discuss it in depth.
C. RAGG Numerical Model
We have established a high-precision numerical model of the RAGG, as shown in Fig.3 . In the numerical model, each accelerometer has six mounting error parameters: radial distance (R j ), initial phase angle (β jz ), altitude angle (β jx ), and misalignment error angles (ϑ jx , ϑ jy , and ϑ jz ). Among them, the radial distance (R j ), initial phase angle (β jz ), and altitude angle (β jx ) determine the mounting position of the accelerometer; the misalignment error angles (θ jx , θ jy and θ jz ) determine the orientation deviation between the accelerometer measurement frame and the accelerometer nominal frame of the actual mounting position. Moreover, each accelerometer has nine other output model parameters: zero bias (K j0 ), linear scale factors (K j1 ), second-order error coefficients (K j2 , K j4 , K j5 , K j6 , K j7 , K j8 ), and current to voltage gain (k jV /I ). In total, each accelerometer has 15 parameters. We use a test mass to produce gravitational gradients to excite the RAGG. The specific force of the accelerometer A j in the RAGG numerical model is given by:
Where f cmm is the specific force of the RAGG;ω im is the angular acceleration of the RAGG with respect to the inertial frame; ω im is the angular velocity of the RAGG with respect to the inertial frame; G is the gravitational constant; r o m A j is the position vector of accelerometer A j in the RAGG measurement; m represents the weight of the test mass; and A j S is the position vector from accelerometer A j to the test mass. If the test mass is not a point mass, the gravitational acceleration that the RAGG accelerometers undergo produced by the test mass can be calculated using finite element analysis. In addition, the test mass can be in motion with respect to the RAGG; in this case, A j S is time varying 19 . The specific forces of accelerometer A j in the accelerometer nominal frame of the actual mounting position ( f jx , f jy , f jz ) can be calculated from:
Where τ jx , τ jy , and τ jz are unit vectors of the accelerometer nominal frame of the actual mounting position in the directions of the x-, y-, and z-axes. The specific forces in the accelerometer measurement frame are:
where C is the transformation matrix from the accelerometer nominal frame of the actual mounting position to the accelerometer measurement frame; C is given in Eq. (2). To make the numerical model approximate the actual RAGG, we add accelerometer noise to the accelerometer model:
The accelerometer noise f jnoise is simulated by a power spectral density model:
where α and b represent the amplitude and low-frequency growth of the red noise, and ω T denotes the amplitude of the white noise. Fig.3b is the program flow of the RAGG numerical model. Firstly, the RAGG simulation parameters are set up, including test masses parameters, RAGG rotating disk parameters, accelerometer mounting parameters, accelerometer model parameters, RAGG motion parameters, etc. Then substituting the parameters into the formula (42) ∼ (44) calculates the specific force in accelerometer measurement frame at time t. According to the formula (45), calculating the output voltage of the RAGG accelerometer, the RAGG output before demodulation at time t is calculated by: G out (t) = V 1 (t) + V 2 (t) − V 3 (t) − V 4 (t). The above process is repeated until time t is equal to the simulation duration time. Finally, the RAGG output data is input to the quadrature amplitude modulation (QAM) demodulator to extract gravitational gradient.
Let Γ xx , Γ xy , Γ xz , Γ yy , and Γ yz represent the five independent gravitational gradient elements at the origin of the RAGG measurement frame. When mass is far enough away from the RAGG, the gravitational acceleration measured by the RAGG accelerometers is a first-order approximation of the gravitational acceleration and gravitational gradient tensor at the center of the rotating disc; in this case, the inline channel measurement and the cross channel measurement of the RAGG approximate Γ xx − Γ xy and Γ xy ; otherwise, the inline channel measurement and cross channel measurement of the RAGG are the sum of Γ xx − Γ xy , Γ xy , and high-order gravitational gradient tensor elements. To distinguish between Γ xx − Γ xy , Γ xy and the measurements of the RAGG, we call Γ xx − Γ xy , Γ xy center gravitational gradients; Γ xx − Γ xy is the inline channel of the center gravitational gradients; Γ xy is the cross channel of the center gravitational gradients. As mentioned preciously, in the analytical model, the gravitational acceleration that the RAGG accelerometer undergo is a first-order approximation of the gravitational acceleration and gravitational gradient tensor at the center of the rotating disc; but in the numerical model, the gravitational accelerations are calculated using Newtons law of gravitation instead of a linear approximation; therefore, the outputs of the analytical model are close to the center gravitational gradients; and those of the numerical model are close to the actual measurements of the RAGG. Numerical model It has considered almost all of the error sources, such as accelerometer mounting position error, accelerometer input axis misalignment, circuit gain mismatch, accelerometer linear scale factor imbalance, accelerometer second-order error coefficients, high order gravitational gradient tensor. It approaches the real RAGG. Analytic model Compared with the numerical model, it principally neglects high order gravitational gradient tensor, the coupling error propagation coefficients concerning accelerometer second-order error coefficients and misalignment angles.
Simplified analytical model
Compared with the analytic model, it principally neglects high order gravitational gradient tensor, the coupling terms concerning accelerometer second-order error coefficients, angular motions, and linear motions, the coupling terms of accelerometer second-order error coefficients and angular motions.
In summary, based on the principle and configuration of the RAGG, we established three RAGG models, namely a numerical model, an analytical model, and a simplified analytical model. The numerical model considers most of the error sources and can simulate the actual RAGG. The analytical model is an approximate model of the RAGG (or the numerical model); it neglects the high order gravitational gradient tensor, the coupling error propagation coefficients concerning the accelerometer second-order error coefficients and misalignment angles. The simplified analytical model is a simplified version of the analytical model. The error sources and model characteristics of these three models are listed in Table IV.
III. EXPERIMENT
In this section, a multi-frequency gravitational gradient simulation experiment and a dynamic simulation experiment are designed to verify the correctness of the three RAGG models; the turbulence simulation experiments are designed to evaluate the performance of analytical models.
In multi-frequency gravitational gradient simulation experiment, the three RAGG models simulate a measurement scene, in which a test mass is rotated around a perfect RAGG for producing multi-frequency gravitational gradient exciting the RAGG. In this case, the theoretical measurements of a RAGG are the center gravitational gradients; the outputs of the analytical models, that of the numerical model, and the center gravitational gradients can be consistent with each other, only when the analytical models and the numerical model don't have principle errors and calculation errors. Besides based on the properties of three RAGG models, the outputs of the analytical models are more closer to the center gravitational gradients than that of the numerical model. Compared the multifrequency gravitational gradient experimental results to the theoretical ones, we can preliminarily verify the correctness of the three RAGG models.
Multi-frequency gravitational gradient simulation experiment only can verify the correctness of the three RAGG models when a RAGG doesn't have imperfect factors; furthermore dynamic simulation experiment is designed to verify the correctness of the three RAGG models when a RAGG has imperfect factors. In the dynamic simulation experiment, the three RAGG models simulate a measurement scene, in which a imperfect RAGG with accelerometer mounting errors, accelerometer second order error coefficients, accelerometer linear scale factors imbalance, etc. undergoes linear motion and angular motion. Based on the properties of three RAGG models, if there are no principle errors and calculation errors in RAGG numerical model and RAGG analytical models, then the outputs of the RAGG analytical models, that of the numerical model should be consistent with each other, and the outputs of analytical model should be more closer to the numerical model than that of the simplified analytical model. Compared the dynamic experimental results to the theoretical ones, we can verify the correctness of the three RAGG models.
In turbulence simulation experiments, the three RAGG models simulate a imperfect RAGG encountering air turbulence; RAGG numerical model is used as a real RAGG to evaluate the noise floor of the analytical models, which is limits of accuracy in error compensation method based on the analytical models.
A. Multi-frequency gravitational gradient simulation experiment
In multi-frequency gravitational gradient simulation experiment, a test mass rotates about the RAGG with timevarying angular velocity producing multi-frequency gravitational gradient excitations. Based on the angular velocity of the test mass and its initial coordinate in the RAGG measurement frame, we can obtain the coordinates of the test mass in the RAGG measurement frame at any time. We then calculate the gravitational gradient tensor at the origin of the RAGG measurement frame and then calculate the center gravitational gradients. The three RAGG models simulate a perfect RAGG with no accelerometer mounting errors, accelerometer scalefactor imbalances, or accelerometer second-order error coefficients, so we set the accelerometer mounting errors (dR j , β jx , β jz , ϑ jx , ϑ jy , ϑ jz ) and the accelerometer second-order error coefficients (k j2 , k j4 , k j5 , k j6 , k j7 , k j8 ) to zero. The linear scale factor of the four accelerometers is k j1 = 10 mA/g, the current-to-voltage gain is k jV /I = 10 9 ohm, the nominal mounting radius R is 0.1 m, and the rotation frequency of the RAGG disc is 0.25 Hz. Fig. 4 shows a point mass of 486 kg with an initial position in the RAGG measurement frame of ference of the simplified analytical model are much smaller than the difference of the numerical model. The reason is that the high-order gravitational gradient tensor causes the outputs of the numerical model or the measurements of the RAGG to deviate from the center gravitational gradients. These experimental phenomenons are consistent with the theoretical ones.
B. Dynamic Simulation Experiment
In dynamic simulation experiment, the accelerometer parameters of the three RAGG models are listed in Table V . The nominal mounting radius R is 0.1 m and the rotation frequency of the disc is 0.25 Hz. The scale factor of the RAGG is k ggi = k 11 R 1 + k 21 R 2 + k 31 R 3 + k 41 R 4 = 4.54 × 10 −4 V/Eo, and the demodulation filtering in QAM demodulator is typically achieved with a FIR low-pass filter with a cut-off frequency at 0.2 Hz. In airborne gravity gradiometry, the linear accelerations of the RAGG are in the order of 0.1 g, and the harmonic components of angular motion and linear motion whose fundamental frequencies equal the rotation rate of the rotating disc have considerable impact on the RAGG sensitivity, in the dynamic experiment, the angular velocities and linear accelerations consists of DC components and first harmonic components. The motion parameters of the RAGG are listed in Table VI .
The outputs of the analytical model and the simplified analytical model before demodulation are the combined signals Linear acceleration (g) Angular velocity (deg/h) a x (t) = 0.08 + 0.005sinΩt ω imx (t) = 1000 + 700sinΩt a y (t) = 0.06 + 0.006sinΩt ω imy (t) = 1500 + 900sinΩt a z (t) = 0.1 + 0.05sinΩt
of the four accelerometers. We treat the output before demodulation of the numerical model as that of the actual RAGG, and treat the differences between the analytical model and the numerical model as the model errors. Fig. 8(a) shows the outputs before demodulation of the numerical model, the analytical model, and the simplified analytical model. Fig. 8(b) shows the model errors of the analytical model and the simplified analytical model before demodulation. the RAGG is still very sensitive to its own motion. On-line error compensation is required to avoid tiny movements of the RAGG saturating or damaging the RAGG.
C. Turbulence Simulation Experiment
In gravity gradiometer data, the dynamic noise (motion error) caused by the air turbulence is a major source of error. In gravity gradiometry, by recording the linear motion and angular motion of the RAGG, based on the analytical model or the simplified analytical model, we can calculate the motion error and compensate it; clearly, the limits of the error com- pensation accuracy equals the noise floor of the RAGG analytical model. In this section, we performed three turbulence experiments to evaluate noise floor of the analytical model and the simplified analytical model at air turbulence of different intensities.
The air turbulence acts on the aircraft, and produces vibration acceleration. As for two-engine transport aircraft, Catherines reports that RMS lateral accelerations caused by air turbulence are about 15 percent of the vertical acceleration, and about 90 percent of the vibratory energy is in the 0 ∼ 3 Hz frequency range during flight 26 . As the vertical acceleration caused by the air turbulence directly reflects the intensity of the air turbulence, usually the word "turbulence" is equal to the vertical acceleration. Dransfield reports that the turbulence in Cessna C208B aircraft is usually in the range of 40 ∼ 100 mg with a mean of about 70 mg 23 . In this paper, we approximate the turbulence with Gaussian noise; let µ mg and σ mg denote the mean and the standard deviation of the turbulence; then the turbulence is in the range of [µ − 3σ , µ + 3σ ] mg. To approximate the real situation, in turbulence experiments, besides the turbulence, the RAGG also suffered random angular motion. The random angular velocities of the RAGG are produced with Gaussian noise; the angular accelerations are the derivative of the angular velocities. In the three turbulence experiments, the RMS horizontal accelerations are 15 percent of the vertical acceleration, but the RMS angular velocity components are of the same order. The turbulence and random angular velocity parameters are listed in table.VII; each row of the table.VII represents a group parameters in a turbulence experiment. The configuration parameters of the RAGG are the same as those of the dynamic experiment (listed in Table V) .
The outputs of the numerical model are treated as the outputs of the actual RAGG, and the differences between the analytical model and the numerical model is treated as the model error or model noise. In the first turbulence experiment, the RAGG only suffered turbulence without random angular motions, the mean and the standard deviation of the turbulence are respectively, 100 mg and 10 mg; Fig.9(a) shows the turbulence; Fig.9(b) shows a histogram of the turbulence. Fig.9(c) shows the analytical model error and the simplified analytical model error in the first turbulence experiment. In the second turbulence experiment, the RAGG suffered both turbulence and random angular motion. The turbulence parameters in the second experiment are the same as those in the first experiment; the mean and the standard deviation of the random angular motion are respectively, 100 deg/h and 50 deg/h; Fig.10(a) shows the random angular velocity; the angular accelerations are the derivative of the angular velocities; Fig.10(b) shows the random angular acceleration. Fig.10(c) shows the analytical model error and the simplified analytical model error in the second turbulence experiment.
In the third turbulence experiment, the random angular motion parameters are the same as those in the second experiment, but the mean of the turbulence are increased from 100 mg to 200 mg. Statistical results of the analytic model error and the simplified analytic model error in the three turbulence experiments are listed in table.VIII; where M in j , σ in j respectively denote the mean and standard deviation of the inline channel of the analytical model error in the j-th turbulence experiment; M cs j , σ cs j respectively denote the mean and standard deviation of the cross channel of the analytical model error in the j-th turbulence experiment; M s in j , σ s in j respectively denote the mean and standard deviation of the inline channel of the simplified analytical model error in the j-th turbulence experiment; M s cs j , σ s cs j respectively denote the mean and standard deviation of the cross channel of the simplified analytical model error in the j-th turbulence experiment.
From the first turbulence experiment to the third turbulence experiment, although the turbulence and angular motion has increased, in the table.VIII, the standard deviation of the analytic model error σ in j , σ cs j have no significant changes; σ in j , σ cs j are about 0.06 Eo and 0.03 Eo. The bandwidth of the RAGG is 0.2 Hz, the corresponding noise density of the analytic model is about 0.13 Eo/ √ Hz. In the three turbulence experiments, the standard deviation of the simplified analytic model error σ s in j , σ s cs j increase as the turbulence and angular motion increase. This experiment result is consistent with the simplified analytic model properties; the simplified analytic model has neglected the coupling terms concerning accelerometer second-order error coefficients, angular motions, and linear motions, the coupling terms of accelerometer second-order error coefficients and angular motions; thus, the larger the turbulence and the angular motion, the greater the simplified analytic model error. The standard deviation of the simplified analytic model error in the first experiment is σ s in1 = 0.11 Eo, σ s cs1 = 0.052 Eo, the corresponding noise density is 0.25 Eo/ √ Hz. In the second experiment, σ s in2 = 0.294 Eo, σ s cs2 = 0.149 Eo, the corresponding noise density is 0.66 Eo/ √ Hz. In the third experiment, σ s in3 = 0.556 Eo, σ s cs3 = 0.281 Eo, the corresponding noise density is 1.24 Eo/ √ Hz. In turbulence experiments, although the turbulence is in the range of 100 ∼ 200 mg, the noise density of the simplified analytic model and the analytic model are much smaller than 7 Eo/ √ Hz, which suggests that using the error compensation techniques based on the simplified analytical model and analytical model, the turbulence threshold of survey flying can be widened from current 100 mg to 200 mg. 
IV. CONCLUSION
Based on the measurement principle and configuration of the RAGG, we considered the factors of circuit gain mismatch, installation error, accelerometer scale-factor imbalance, and accelerometer second-order error coefficients. We then developed a high-precision numerical model and an analytical model of the RAGG. Based on the dynamic environment of airborne gravity gradiometry, we analyzed the magnitude of each error term, neglected those that had little impact on the RAGG sensitivity, and thereby obtained a simplified analytical model that is more suitable for RAGG error compensation. Moreover, the analytical model directly gives the error propagation mechanism of the motion of the RAGG and is helpful for developing techniques such as on-line error compensation, post-mission compensation, and fault diagnosis. Meanwhile, the numerical model will provide a tool for verifying different techniques in developing RAGG. In the turbulence experiments, the turbulence is in the range of 100 ∼ 200 mg; the angular velocity is in the order of 10 −4 ∼ 10 −3 rad/s; the angular acceleration is in the order of 10 −3 ∼ 10 −2 rad/s 2 ; but the noise density of the analytic model is bout 0.13 Eo/ √ Hz, and that of the simplified analytic model is in the range of 0.25 ∼ 1.24 Eo/ √ Hz. In practice, after the simplified analytic model is calibrated, by recording the angular velocities, angular accelerations and accelerations of the RAGG in airborne gravity gradiometry, we can accurately compensate the measurement errors caused by turbulence and angular motion; and the turbulence threshold of survey flying may be widened from current 100 mg to 200 mg.
